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Abstract – In this work, we theoretically investigate non-reciprocal propagation of terahertz
(THz) waves through a photonic crystal cavity integrated with graphene under external magnetic
field. The magnetic field applied perpendicular to the graphene plane introduces an asymmetric
conductivity tensor into the system, thus the Jones matrix of THz waves propagating in one di-
rection is not the transpose of the one in the reversal direction. As a consequence, non-reciprocal
propagation is achieved in the THz regime, which has been verified by the calculation of non-
reciprocal photonic band structures, transmission spectra, and also electrical-field distributions.
Further, by tuning the magnetic field or the Fermi level of graphene, such non-reciprocal trans-
mission can be drastically tuned. This tunable non-reciprocity at the level of material response
enables us to design photonic structures which can let a specific mode pass but its time-reversal
counterpart stop. Moreover, high-performance non-reciprocal features have been found in peri-
odic photonic crystal stacks with graphene. Our investigations may provide a unique approach
to guide THz waves and achieve potential applications on one-way devices (e.g. isolators) in the
THz regime.

Copyright c© EPLA, 2014

Introduction. – The study of reciprocity in wave prop-
agation has a long history. In 1959, De Hoop formu-
lated his reciprocity theorem under the condition that
all the materials in electromagnetic scattering problems
were characterized by symmetric tensors and were inde-
pendent of the electric and magnetic fields [1,2]. This
means that asymmetry in the material response function,
i.e. permittivity, permeability, or conductivity may lead
to the failure of reciprocity [3–10]. A polarized wave prop-
agating through this kind of asymmetric medium may
have different transmission spectra and band structures
from its time-reversal counterpart [11–21]. For example,
in magneto-optic media, the magnetic field perpendicu-
lar to the plane introduces asymmetric off-diagonal terms
into the permittivity tensor. In such media, the Jones
matrix of one direction is not the transpose of the one
in the reverse direction [2], thus the circularly polarized
waves have different transmissions depending on its di-
rection. In recent years, there has been an increasing
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interest in non-reciprocal devices [22–28]. For example,
based on gyromagnetic photonic crystals, one-way modes
have been successfully achieved in the experiments [22–26].
Non-reciprocal devices such as optical isolators have many
applications and have been intensely investigated. Up to
now, most of the works concern the traditional magneto-
optic materials we mentioned above or nonlinear mate-
rials [29,30], and mainly focus on microwave and infrared
frequency regions. However, there still lack non-reciprocal
devices for THz waves, especially electric tunable ones.

Since the development of the mechanical exfoliation
method [31], graphene has been increasingly used in pho-
tonics and plasmonics [32,33]. Similarly to magneto-optic
materials, graphene possesses an asymmetric conductivity
tensor under the magnetic field [34,35]. Therefore, cir-
cularly polarized waves may have different transmissions
depending on its incident direction, i.e. non-reciprocal
transmission. What is more, graphene has two advan-
tages over other materials. Firstly, its properties can be
easily tuned either by the external magnetic field or the
Fermi level. Secondly, it has an electromagnetic response

54001-p1



Yu Zhou et al.

Fig. 1: (Colour on-line) Schematic illustration of the photonic
crystal cavity. All the slabs are designed to be quarter-wave
plates at 336 µm. Grey and blue slabs are dielectric slabs
with permittivity ε1 = 11.7 and ε2 = 3.8, respectively. Two
graphene layers are located in the centre. The black arrow de-
notes the external magnetic field along the +Z-direction. Two
spiral arrows in red and blue indicate the right-handed circu-
larly polarized THz waves propagating forward and backward,
respectively.

in a rather broad frequency range, especially in the THz
region. In this paper, we have designed a photonic cavity
in the THz region with two graphene sheets located in its
centre. A magnetic field is applied perpendicularly to the
plane to provide the necessary condition for reciprocity
breaking. And then the non-reciprocal effect is verified
by the calculation of photonic band structures, transmis-
sion spectra and electrical-field distributions. By tuning
the magnetic field or the Fermi level of graphene, the non-
reciprocal transmission can be drastically tuned, which
may provide an approach to design active non-reciprocal
devices in the THz region. Moreover, high-performance
non-reciprocal features have also been found in periodic
photonic crystal stacks with graphene.

Theoretical model. – We begin with designing a cav-
ity consisting of three photonic crystal unit cells mirroring
itself, as shown in fig. 1. Grey and blue slabs are dielec-
tric slabs with permittivity ε1 = 11.7 and ε2 = 3.8, re-
spectively. All the slabs are designed to be quarter-wave
plates at 336 µm. The centre of the cavity is made by two
quarter-wave slabs with the same refractive index ε2 = 3.8
each of which has one graphene sheet located at the cen-
tre. Under magnetic field, graphene possesses Hall con-
ductivity. The 2D conductivity of graphene is now an
asymmetric tensor which only depends on the direction of
the external magnetic field, regardless of the waves prop-
agating therein. This would lead to reciprocity failure.
Such reciprocity failure can be directly demonstrated by
the calculation of transmission spectra which would be
different depending on propagating directions (forward or
backward).

To calculate the transmission spectra in such system,
the S-matrix approach [4,6] is extended into a vector form
for the consideration of Hall conductivity which will mix
x and y polarizations. In this paper, spatial dispersion
is neglected because we focus on the low THz frequency

region [35]. The graphene is treated as an infinitesimally
thin conductive layer which has a 2D conductivity tensor:

σ =

(

σxx σxy

σyx σyy

)

=

(

σl σh

−σh σl

)

, (1)

where σl and σh are longitudinal and Hall conductivities of
the graphene, respectively. Two diagonal terms are iden-
tical while two off-diagonal terms have opposite signs. It
is apparent that the 2D conductivity is asymmetric and
independent of the propagation direction of the incident
waves. In the calculation, the temperature is set to be
300 K. All the conductivity values are calculated using
the formula in ref. [34]. Scattering effects in graphene are
taken into account by setting the imaginary part of en-
ergy to 6.8 meV. Slight changes of these parameters will
not affect the results.

We choose two tangential components of the electric
field Ex and Ey as independent variables. Then the
normal component Ez can be easily derived by Ez =
(−kx/kz)Ex + (−kx/kz)Ey, where kx, ky and kz are x,
y, z components of the wave vector k. The tangential
magnetic fields can also be derived by using
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(2)
where the matrix The denoted above transforms the elec-
tric fields into the corresponding magnetic fields. Here the
magnetic fields are multiplied by the vacuum impedance,
so they have the same units as the electric fields. The
S matrix for the graphene can be derived by imposing
the boundary conditions: 1) the tangential components of
the electric field are continuous across the graphene; and
2) the discontinuity of the magnetic field at two sides of
the graphene equals the surface current. Thus, we have
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where �E
(i)
F / �H

(i)
F and �E

(i)
B / �H

(i)
B are electric/magnetic

waves propagating forward and backward in region i
(i = I or II, respectively indicate regions at two sides
of graphene), respectively. Z0 is the vacuum impedance.
The matrix T is defined as

T =

(

0 −1

1 0

)

. (4)

By solving eq. (3), we can derive the S matrix of the
graphene. The S matrix for the whole system can be con-
structed by an iteration process.
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Fig. 2: (Colour on-line) Phases of the transmission coeffi-
cients txy and tyx under B = 6 tesla, µ = 0.25 eV ((a), (b)),
B = 8 tesla, µ = 0.15 eV ((c), (d)). Red circles and blue stars
mark the phases of forward- and backward-propagating waves,
respectively.

Jones matrices and non-reciprocal effect. – Non-
reciprocity requires that the Jones matrix of the forward
waves is not the transpose of the one for backward waves.
Since the 2D conductivity tensor of graphene under mag-
netic field has rotation symmetry, it is impossible to tell
whether the transmission is reciprocal or not only by
investigating the absolute values of txy and tyx, which
are two off-diagonal elements of the Jones matrix. One
should look into the phases. The phases of the trans-
mission coefficients under specific magnetic field B and
Fermi level µ are plotted in fig. 2. Figures 2(a), (b) are
for B = 6 tesla, µ = 0.25 eV and figs. 2(c), (d) are for
B = 8 tesla, µ = 0.15 eV. We can see from fig. 2(a)
and fig. 2(b) that the phase of txy for the forward waves
(red circles in fig. 2(a)) is not the same as the phase for
tyx for backward waves (blue stars in fig. 2(b)). Similar
conclusions can be found in fig. 2(c) and fig. 2(d). Such
non-reciprocity originates from the asymmetry of the 2D
conductivity tensor of graphene, which only depends on
the direction of the magnetic field. Further investigations
reveal that the difference of the phases of the off-diagonal
terms in one direction is equal to π for all frequencies.
This indicates that the Jones matrix of the structure un-
der magnetic field has a form for both directions:

J =

(

t t′

−t′ t

)

, (5)

where t and t′ are the diagonal and off-diagonal terms of
the Jones matrix, respectively. It can also be seen from
fig. 2 that the Jones matrix has different values under dif-
ferent external magnetic fields and Fermi levels. So the
non-reciprocal transmission coefficient of our structure can
be tuned by changing either the external magnetic field or
the Fermi level of graphene.

Fig. 3: (Colour on-line) Band structure (a), the first cav-
ity mode (b) and the second cavity mode (c) for the case of
B = 1T, µ = 0.15 eV. Band structure (d), the first cav-
ity mode (e) and the second cavity mode (f) for the case of
B = 4T, µ = 0.15 eV.

Tunable non-reciprocal band structures and

transmission spectra. – In this section, we focus on
the band structures and transmission spectra under the
illumination of right-handed circularly polarized THz
waves. The band structures are calculated by the trans-
mission intensities under different incident angles. In the
band gap, only the cavity modes can exist. The first
cavity mode and the second cavity mode appear in the
first and second band gaps, respectively. The calculation
results are shown in fig. 3 and fig. 4. The corresponding
magnetic-field intensities and Fermi levels are denoted
therein. We can see from these figures that both
band structures and transmission spectra are different for
forward- and backward-propagating waves. In this design,
backward-propagating waves have higher transmission
than forward-propagating waves. Mode splitting and
suppression may occur under specific conditions. For
example, in fig. 4(f), the second cavity mode for forward-
propagating waves is completely suppressed and no peak
appears in the band gap while, for backward-propagating
waves, the transmission peak is relatively high.

To further quantificationally measure the asymmetry,
we define a contrast factor f = (Tb − Tf)/(Tb + Tf),
which equals zero if the spectra are symmetric and equals
1 if transmission of one direction is completely blocked.
The contrast factors plotted as a function of magnetic
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Fig. 4: (Colour on-line) Band structure (a), the first cav-
ity mode (b) and the second cavity mode (c) for the case of
B = 6T, µ = 0.15 eV. Band structure (d), the first cav-
ity mode (e) and the second cavity mode (f) for the case of
B = 6T, µ = 0.25 eV.

Fig. 5: (Colour on-line) (a) Contrast factor plotted as a func-
tion of the Fermi level when B = 6T. (b) Contrast fac-
tor plotted as a function of the magnetic-field intensity when
µ = 0.15 eV.

field or Fermi level are shown in fig. 5. All the points
are taken at the transmission peaks of backward waves.
Figure 5(a) plots the contrast factor as a function of
the Fermi level while keeping the magnetic field fixed at
6 T. As for µ = 0, i.e., pristine graphene without dop-
ing, there exists no significant non-reciprocal effect. For

Fig. 6: (Colour on-line) Field amplitude distributions for
(a) the first cavity mode and (b) the second cavity mode at
the peak of the backward-propagating waves (blue curves) in
figs. 3(b) and (c), respectively. Field amplitude distributions
for (c) the first cavity mode and (d) the second cavity mode at
the peak of the backward-propagating waves (blue curves) in
figs. 3(e) and (f), respectively.

Fig. 7: (Colour on-line) Field amplitude distributions for
(a) the first cavity mode and (b) the second cavity mode at
the peaks of the backward-propagating waves (blue curves) in
figs. 4(b) and (c), respectively. Field amplitude distributions
for (c) the first cavity mode and (d) the second cavity mode at
the peak of the backward-propagating waves (blue curves) in
figs. 4(e) and (f), respectively.

graphene with doping, there exists an optimized Fermi
level where the contrast factor reaches its maximum.
Figure 5(b) shows the contrast factor as a function of the
magnetic-field intensity while the Fermi level µ = 0.15.
The lowest magnetic field is set to be 1 tesla. One can see
from the curves that for a fixed Fermi level, there also ex-
ists an optimized magnetic-field intensity that will max-
imize the contrast factor. Thus, tunable non-reciprocal
band structure and transmission spectra can be achieved
and optimized. Such non-reciprocity presented here may
provide a way to achieve some THz one-way devices, such
as isolators.

Non-reciprocal field distributions. – Since the S
matrix involves an iteration process, it would be much
more convenient for one to use the transfer matrix
(T matrix) in field distribution calculations. Once the
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fields at one of the ports (input or output ports) are
known, the fields in the cavity structure can be derived by
simple T matrix multiplication. Figure 6 and fig. 7 show
field distributions under the same magnetic-field intensi-
ties and Fermi levels as in fig. 3 and fig. 4, respectively.
All the field distributions are calculated at the frequen-
cies of the transmission peaks of backward-propagating
waves. At these frequencies, backward waves have higher
field intensities than the forward waves, which is in ac-
cordance with the transmission spectra in fig. 3 and fig. 4
where backward waves dominate. Without graphene, the
cavity mode is strictly symmetric and has perfect trans-
mission [36,37]. In the presence of graphene, loss is un-
avoidable which will lower the transmission peak of the
cavity mode and even break the symmetry of the field dis-
tribution. Under magnetic field and finite electron dop-
ing, non-reciprocal field distributions occur. This non-
reciprocal field distribution has the same origin as the
transmission spectra and the band structures, which is
the asymmetry of the graphene conductivity tensor.

Non-reciprocal transmission through periodic

stacks. – In order to enhance the non-reciprocal effect, we
consider periodic photonic crystal stacks integrated with
graphene. Here we put graphene in the building block to
investigate the transmission of THz waves through peri-
odic photonic crystal stacks. The conductivity of graphene
is calculated under B = 6 T, µ = 0.4 eV, mainly because
the longitudinal and the Hall conductivities under this
condition are both strong and close to each other, and
thus it gives good contrast between forward and back-
ward transmissions. Two kinds of building blocks are
studied: one is that the graphene sheet is put on the sur-
face of every dielectric slab (as shown in the inserts of
figs. 8(a) and (b)); the other is that only one graphene
sheet is inserted between two dielectric slabs (as shown
in the inserts of figs. 8(c) and (d)). It is worthwhile to
note that all the dielectric slabs have the same thicknesses
as they do in the cavity. Figures 8(a) and (b) show the
calculated transmissions of THz waves through five and
ten periodic stacks with the first type of building block,
respectively. Blue and red curves are transmissions in for-
ward and backward directions, respectively. One can see
that the contrast between forward and backward trans-
missions is close to 1. For instance, in fig. 8(b), the con-
trast is 0.9991 at 4 THz. Similar results are found in the
periodic stacks with the second type of building block,
as shown in figs. 8(c) and (d). This high-contrast non-
reciprocal effect is attributed to two aspects: one is that
graphene has strong conductivities; and the other is that
the longitudinal and Hall conductivities are close to each
other. Actually when a right-handed circularly polarized
wave propagates through graphene, the conductivity is
Re(σl) + Im(σh) or Re(σl) − Im(σh), which depends on
the propagation direction. If the real part of the longitu-
dinal conductivity is quite close to the imaginary part of
the Hall conductivity, THz waves propagating through the

Fig. 8: (Colour on-line) Non-reciprocal transmission of THz
waves through (a) 5 and (b) 10 periodic stacks of units. The
insets show the corresponding units. There exist two graphene
sheets in the unit. Non-reciprocal transmission of THz waves
through (c) 10 and (d) 20 periodic stacks of units. The insets
show the corresponding units. There exists only one graphene
sheet in the unit.

structure will feel much stronger with conductivity in one
direction (σ = Re(σl)+Im(σh)) than with that in the other
direction (σ = Re(σl)−Im(σh)). This will lead to huge dif-
ferences in both the loss and the reflection when the THz
waves travel through the structure. Therefore, one can see
in fig. 8 that high-contrast non-reciprocal transmission in-
deed exists in a rather broad frequency region.

Conclusions. – In this paper, we theoretically
investigate tunable non-reciprocal transmission and band
structure of terahertz waves through a photonic cavity in-
tegrated with graphene. Under magnetic field, 2D conduc-
tivity of graphene is asymmetric, which leads to the failure
of reciprocity. As a result, circularly polarized waves prop-
agating in two directions have different transmission spec-
tra and field amplitude distributions. Such non-reciprocity
at the level of material response enables us to design the
photonic structure which can let a specific mode pass but
its time-reversal counterpart stop. By tuning the external
magnetic-field intensity or Fermi level of the graphene, one
can tune the band structures, transmission spectra and
field intensity distributions of the structure. Moreover,
high-performance non-reciprocal features have been found
in periodic photonic crystal stacks with graphene. Our in-
vestigations may provide a unique approach to guide THz
waves and achieve potential applications on one-way de-
vices (e.g. isolators) in the THz regime.
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