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We investigate the transport properties of Dirac fermions on the surface of a three-dimensional

topological insulator (TI) with magnetic modulation potentials. By using the transfer-matrix

method, the transmission coefficients are obtained as a function of incident energy and incident

angle. It is shown that the forward and backward propagating carriers possess different transmis-

sion coefficients at some incident energies when the charge carriers incident obliquely, which origi-

nates from the break of time reversal symmetry. Particularly, the magnetic barrier introduces

asymmetric scattering; thus, the scattered angles are different for the forward and backward propa-

gating carriers. As a consequence, the transmission in one direction is permitted while it is blocked

in its reversal direction. Therefore, the unidirectional transmission of electrons is achieved on the

surface of TI. Furthermore, unidirectional transmission is demonstrated by the electronic charge

distributions in the system. The investigations may have potential applications in the design of TI-

based one-way quantum devices. Published by AIP Publishing. https://doi.org/10.1063/1.5002728

I. INTRODUCTION

In recent years, topological insulator (TI) has become

one of the most intensively studied systems in condensed

matter physics and material science.1–5 TI is an unusual

quantum state of matter which is distinguished from a nor-

mal band insulator by a nontrivial topological invariant Z2

characterizing its band structure.6–8 In TIs, there exist a bulk

energy gap and gapless edge or surface states residing in the

bulk gap in the absence of magnetic fields.6–9 The existence

of edge and surface states has been confirmed by an experi-

ment in HgTe quantum wells,10 and angle-resolved photo-

emission spectroscopy experiments in three-dimensional

(3D) Bi2Se3,11 Bi2Te3,12 and Sb2Te3,13 respectively. It is

demonstrated that the surface states of TIs exhibit Dirac

cone-shaped conduction and valence bands that meet at the

C point.11–13 Unlike conventional two-dimensional (2D)

electron states, these surface states are robust against the dis-

order scattering and electron–electron interactions due to the

protection by the time reversal symmetry.14 Therefore,

researchers are motivated to consider whether some elec-

tronic devices with strong anti-interference and low power

consumption could be fabricated based on TIs.

To realize the practical TI-based devices, it is essential

to develop some means of controlling or modifying their sur-

face states. The strategies of quantum confinement,15 depos-

iting ferromagnetic insulating strips,16 decorating with

magnetic adatoms,17 and applying a gate voltage18 on the

top of the TI surface have been used to achieve this goal. By

decorating Mn adatoms, Narayan et al. demonstrated a single

atom anisotropic magnetoresistance on the surface of a TI.17

Their results reveal the real space spin texture around the

magnetic impurity and lead to a proposed device set-up for

experimental realization. On the other hand, by coating the

magnetic or superconducting layers on TIs, the surface states

could be gapped and many interesting properties arise, such

as the half-integer quantum Hall effect19 and Majorana fer-

mions.20 Recently, Wu et al. demonstrated a directional-

dependent tunneling of electrons on the surface of a TI21

with magnetic barriers. By using the magnetic barriers, the

time-reversal symmetry is broken, and thus, the transport

properties of surface states on a TI are modified. In semicon-

ductors, an example associated with the breaking of time-

reversal symmetry is the nonreciprocal response of electrons,

i.e., the electrical diode. Stimulated by the vast application

of electrical diode, considerable efforts have been dedicated

to the study of nonreciprocal propagation of light.22

Afterwards, a non-reciprocal propagation of terahertz waves

through a photonic crystal cavity integrated with graphene is

achieved under an external magnetic field.23

In this work, we study the unidirectional transmission of

Dirac fermions on the surface of a 3D TI with magnetic bar-

riers. The magnetic barrier introduces an asymmetric scatter-

ing, and thus, the scattered angles are different for the

forward and backward propagating carriers. As a conse-

quence, a unidirectional transmission is achieved on the sur-

face of a 3D TI, which has been verified by the transmission

spectra and the electronic charge distributions. Furthermore,

by tuning the periodicity of the system, such a unidirectional

transmission can be drastically tuned. This tunable unidirec-

tional transmission may have potential applications in the

design of TI-based devices, which can let a specific mode

pass, but its time reversal counterpart stops.

II. THE THEORETICAL MODEL

Consider the behavior of charge carriers on the surface

of a TI with magnetic potentials. The magnetic potentials
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can be created underneath ferromagnetic insulator (FI) strips

via a magnetic proximity effect.24 Suppose that the FI strips

are deposited on the surface of TI (i.e., x-y plane) with the

interfaces between FI and TI paralleling to the y-axis (as

shown in Fig. 1). We designate the regions with and without

FI strips as A and B, respectively, and they are distributed as

RðmÞ ¼ ðABÞmðBAÞm [Fig. 1(a)]. The width of region A is

set as dA, and the distance between the two FI strips is dB,

and we fixed the width dA ¼ dB ¼ d. The magnetization of

the ferromagnetic stripe can be perpendicular or parallel to

the surface of the TI. Correspondingly, the square-shaped

and delta-function-shaped magnetic fields can be created,

respectively.24 In all cases, the magnetic fields can break the

time reversal symmetry of the system, and the unidirectional

transmission can happen. In this work, we focus on the delta-

function-shaped magnetic field, BzðxÞ ¼ BdðxÞ, perpendicu-

lar to the surface of the TI at the boundary of the strip [Fig.

1(a)]. Such magnetic field profiles approximate those real-

ized by depositing Co micro-magnetic strips on the top of

the two-dimensional electron gas.25 Then, a magnetic vector

step is created which can be written as AyðxÞ ¼ AyhðxÞ. Here,

we have adopted Landau gauge A ¼ ½0;AyðxÞ; 0�. Then, the

effective Hamiltonian of the low-energy electrons near the C
point of the Dirac cones can be written as

H ¼ vFr � ðp� ẑÞ þ HZ þ V; (1)

where r ¼ ðrx; ry; rzÞ are the Pauli matrices, and the Fermi

velocity is vF ¼ 5� 105 m/s corresponding to the material

of Bi2Se3. p ¼ pþ eA is the momentum with vector poten-

tial A generated by the FI strips, and ẑ is the unit vector nor-

mal to the surface. The term HZ ¼ glBr � B is induced by the

Zeeman spin spitting, which can be negligible at a low mag-

netic field.

In order to simplify the notation, we introduce the

dimensionless length and energy units: lB ¼ ð�h=eB0Þ1=2
,

E0 ¼ �hvF=lB, as well as AyðxÞ ! B0lBAyðxÞ, E! E0E,

V ! E0V, r ! lBr, k ! k=lB, and the Hamiltonian becomes

H ¼ glBBþ V ky þ Ay þ ikx

ky þ Ay � ikx �glBBþ V

� �
: (2)

This Hamiltonian acts on a state expressed by a two-

component wavefunction W ¼ ðw1;w2Þ
T
. Due to the transla-

tional invariance of the system along the y-direction, the

wavefunction w1;2 can be written as w1;2ðx; yÞ ¼ w1;2ðxÞeipA;By

with pA ¼ ky þ Ay in region A (with modulation potentials),

and pB ¼ ky in region B (without modulation potentials). At

the input and output side of the regions A, the wavefuntions

have the relation of

w1ðxþ dAÞ
w2ðxþ dAÞ

� �
¼ MA

w1ðxÞ
w2ðxÞ

� �
; (3)

where the transfer matrix MA is obtained as

MA ¼
1

cos /A

cos ðqAdA � /AÞ �sin ðqAdAÞ
sin ðqAdAÞ cos ðqAdA þ /AÞ

� �
: (4)

Here, /A ¼ arcsinðpA=kAÞ denotes the refraction angle of

carriers inside the region A, and kA ¼ ðE� VÞ=�hvF is the

wave vector of incident carriers with energy E. The x compo-

nent of kA can be expressed as qA ¼ signðkAÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

A � p2
A

p
for

p2
A < k2

A, otherwise qA ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

A � k2
A

p
. When the carriers

transport across the region B, the transfer matrix MB has the

same form as Eq. (4) by replacing the subscript A with B.

Therefore, we can get the total transfer matrix M across the

system, relating the incident and reflection waves to the

transmission wave. Then, the electronic transmission coeffi-

cient T can be obtained as

T ¼
���� 2i cos hi

iðM22e�ihi þM11eiheÞ �M12eiðhe�hiÞ þM21

����
2

; (5)

where hiðheÞ is the angle between the incident (exit) direc-

tion of carriers and the x-axis at the input (output) side of the

system, and Mijði; j ¼ 1; 2Þ is the matrix element of the total

transfer matrix M.

It should be noted that the angle /A ¼ arcsinðpA=kAÞ in

the region A is different for the forward and backward propa-

gating carriers when the carriers incident obliquely (i.e.,

ky 6¼ 0). Specifically, the angle is /A ¼ arcsin½ðky þ AyÞ=kA�
for the forward transmission, while it is /A ¼ arcsin½ð�ky

þAyÞ=kA� for the backward transmission. This indicates that

the incident carriers cannot return to their original point of

incidence because of the magnetic modulation potential. On

the other hand, the transfer matrix MA is changed for the

backward transmission compared with that for the forward

transmission when the carriers incident with a nonzero angle.

Then, the transmission coefficient will be different for the

forward and backward propagating carriers. This feature pro-

vides a possibility of unidirectional transmission. Physically,

FIG. 1. (a) Profiles of the symmetric potentials distributed as

RðmÞ ¼ ðABÞmðBAÞm. (b) Profiles of electron scattering of the system: the

black and red arrows represent FP and BP, respectively. dA and dB are the

width of the regions with and without magnetic barriers, respectively, and h
is the incident angle of carriers.
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the magnetic modulation potentials break the time-reversal

symmetry, and the unidirectional transmission of electrons is

obtained on the surface of a TI.

III. THE NUMERICAL CALCULATIONS

Based on the above analysis, we numerically investigate the

quantum transport on the surface of a TI with delta-function-

shaped magnetic barriers distributed as RðmÞ ¼ ðABÞmðBAÞm.

Let us take the system with two unit cells (i.e., m¼ 2) as an

example. First, we present the transmission coefficients as

functions of incident energy and incident angle when the

charge carriers incident from left to right [forward propaga-

tion (FP)] through the system with different widths d of FI

strips [Figs. 2(a) and 2(b)]. It is shown in Fig. 2(a) that the

contour plot of transmission coefficients demonstrates an

asymmetric distribution with respect to the axis of h ¼ 0�

(i.e., the normal incident direction). By fixing the incident

energy, the transmission coefficients at different angles are

different. Thus, the magnetic barriers lead to an anisotropic

propagation of charge carriers. When the width d of the mag-

netic barriers is increased, the continuous range of red color

with larger transmission coefficients is reduced by “inserting”

small gaps [Fig. 2(b)]. Second, we demonstrate the transmis-

sion spectra in Figs. 2(c) and 2(d) when the charge carrier

incident from right to left [backward propagation (BP)]

through the system corresponding to Figs. 2(a) and 2(b),

respectively. Similarly, the contour plot of transmission spec-

tra is asymmetric with respect to axis of h ¼ 0� (i.e., the nor-

mal incident direction) for the backward propagation

[Fig. 2(c)]. When the width of the magnetic barriers is

increased, more transmission gaps appear between the regions

of red color, which denotes larger transmission coefficients

[Fig. 2(d)]. Interestingly, the contour plot of transmission

spectra for the backward propagation (BP) is different from

that for the forward propagation (FP) [Figs. 2(a) versus 2(c),

and 2(b) versus 2(d)]. For certain incident energy and incident

angle, the transmission peaks appear for the FP while the

transmission coefficients are zero for the BP. Therefore, the

unidirectional transmission of electrons is obtained on the sur-

face of a TI by applying magnetic barriers.

It is worthwhile to focus on some specific incident

angles and compare FP with BP. As examples, we draw three

vertical lines in Figs. 2(b) and 2(d), which correspond to

h ¼ 0�, �30�, and �60�, respectively. It is found that the

transmission spectra for the FP and BP coincide with each

other when h ¼ 0� [Fig. 3(a)]. However, they are uncoupled

when the incidence is oblique with h ¼ �30� and �60�

[Figs. 3(b) and 3(c)]. At some incident energies, the trans-

mission coefficients are one for the FP while the transmis-

sion coefficients are zero for the BP. This feature originates

from the asymmetric scattering of the magnetic barriers,

which lead to the difference of the refraction angles for the

FIG. 2. The contour plot of transmission coefficients as functions of incident

angle h and energy E in the system with m ¼ 2 when B ¼ 1, V ¼ 1,

E0 ¼ 16 meV, and lB ¼ 26 nm for the FP: (a) dA ¼ dB ¼ 2; (b)

dA ¼ dB ¼ 4; and for BP: (c) dA ¼ dB ¼ 2; (d) dA ¼ dB ¼ 4. The vertical

dashed lines are the guide lines presenting different incident angles.

FIG. 3. (a), (b), and (c) present the

transmission coefficients T versus the

incident energy E in the system with

dA ¼ dB ¼ 2, m ¼ 2, B ¼ 1, V ¼ 1,

E0 ¼ 16 meV, lB ¼ 26 nm, and differ-

ent incident angles: (a) h ¼ 0�; (b)

h ¼ �30�; (c) h ¼ �60�. The black

and red lines represent FP and BP,

respectively. (d), (e), and (f) plot the

Contrast factor against the incident

energy E in the system corresponding

to (a), (b), and (c), respectively.

214301-3 Li et al. J. Appl. Phys. 122, 214301 (2017)



FP and BP. As a consequence, the transfer matrix MA is

changed for the BP compared with that for the FP when the

carriers incident obliquely. Then, the transmission coefficient

will be different for the FP and BP. Physically, the magnetic

modulation potentials break the time-reversal symmetry, and

the transmission in one direction is permitted while it is

blocked in its reversal direction. In order to measure the

asymmetry quantificationally, we define a Contrast factor

C ¼ ðTf�TbÞ=ðTfþTbÞ where Tf and Tb indicate the trans-

mission coefficients for the forward and backward propagat-

ing charge carriers, respectively. Obviously, C equals to zero

if the same transmission coefficient is achieved for both the

FP and BP. However, C equals to 61 if the transmission of

one direction is completely blocked. Figures 3(d)–3(f) plot

the Contrast factors as a function of incident energy with dif-

ferent incident angles h. For h ¼ 0�, i.e., the normal inci-

dence, there exists no unidirectional propagation where the

contrast factor is zero [Fig. 3(d)]. For the oblique incidence

with h ¼ �30�, there exists unidirectional propagation

where the contrast factor reaches its maximum [Fig. 3(e)].

By increasing the incident angles, more backward propagat-

ing modes are blocked. Thus, a tunable unidirectional trans-

mission can be obtained and optimized on the surface of TI

with magnetic barriers. These properties may be used in the

design of TI-based one-way quantum devises.

Quantum transport on the surface of TI with magnetic

barriers will be influenced by the number of the period.

Figures 4(a) and 4(b) show the transmission spectra for the

FP and BP, respectively, when d ¼ 2, and the number of

period is m¼ 6. It is evident that more gaps appear in the

transmission spectra compared with that for m¼ 2 [Fig.

2(a)]. In general, by increasing the number of cells, more

and more transmission zones diminish gradually and some of

them approach zero transmission. Therefore, a distinct

bandgap structure appears in the system. On the other hand,

the transmission spectra do not coincide with each other for

the FP and BP [Figs. 4(a) and 4(b)]. If we fix the incident

angles as h ¼ 0� and �30�, respectively, the corresponding

transmission coefficients against the incident energy are pre-

sent in Figs. 4(c) and 4(d). Obviously, the oscillating behav-

ior of transmission becomes more significant as the number

of unit cells is increased due to the multiple scattering. For

the normal incidence with h ¼ 0�, the transmission spectra

for the FP and BP coincide with each other [Fig. 4(c)]. For

the oblique incidence with h ¼ �30�, the transmission spec-

tra are separated for the FP and BP [Fig. 4(d)]. It is noted

that the transmissivity of BP is weakened by increasing the

number of the unit cells. This feature provides another way

of optimizing the unidirectional transmission. Therefore, the

unidirectional transmission is kept and optimized when the

number of the unit cells is increased.

In order to clearly understand the unidirectional trans-

mission of charge carriers on the surface of TI with magnetic

barriers, the charge distributions have been studied. At arbi-

trary point along the x-axis of the system, the charge density

is determined by jWðxÞj2. We calculated the charge distribu-

tions by using the continuous boundary conditions and the

limitation that the summation of transmission coefficient T
and reflection coefficient R is unit. Figures 5(a) and 5(b) plot

the charge distributions for the FP and BP in the system with

m¼ 2, dA ¼ dB ¼ 2, B ¼ 1, V ¼ 1, E¼ 3.7, and h ¼ �60�.
It is demonstrated that the charge distribution possesses

almost an equal amplitude along the system for the FP [Fig.

5(a)]. That implies that the incident wave is extended in the

whole system. Then, the FP is allowed. However, the charge

distributions decay exponentially along the system [Fig.

5(b)] for the BP. This indicates that the incident wave is

localized in the system, and the BP is forbidden. Particularly,

there is a transmission peak for the FP, and the transmission

coefficient is zero for the BP in the system when the incident

energy and incident angle are E¼ 3.7 and h ¼ �60�, respec-

tively [Fig. 3(c)]. On the other hand, the charge distributions

FIG. 4. (a) and (b) show the contour plot of transmission coefficients against

the incident angle h and energy E for the FP and BP, respectively, in the sys-

tem with dA ¼ dB ¼ 2, and m ¼ 6 when B ¼ 1, V ¼ 1, E0 ¼ 16 meV, and

lB ¼ 26 nm. The vertical dashed lines are the guide lines presenting different

incident angles. (c) and (d) depict the transmission coefficients T versus the

incident energy E in the system corresponding to (a) and (b), respectively,

and incident angles: (c) h ¼ 0�; (d) h ¼ �30�. The black and red lines repre-

sent FP and BP, respectively.

FIG. 5. The charge distributions in the system with dA ¼ dB ¼ 2, m ¼ 2,

and the unit of length X0 ¼ lB ¼ 26 nm when B ¼ 1, V ¼ 1, and

E0 ¼ 16 meV. (a) FP and (b) BP with E¼ 3.7 and h ¼ �60�, respectively.

(c) FP and (d) BP with E¼ 3.9 and h ¼ 60�, respectively.
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at the energy E¼ 3.9 and the incident angle h ¼ 60� are also

presented for the FP and BP in Figs. 5(c) and 5(d), respec-

tively. In this case, the charge distributions exponentially

decay for FP while it is extended for BP, which correspond

to the zero transmissivity for FP [Fig. 2(a)] and transmission

peak for BP [Fig. 2(c)], respectively. All these electronic

states indeed determine the quantum transport in the system.

This implies that, by applying magnetic barriers on the sur-

face of TI, unidirectional transmission can be achieved

which may be applied in the design of TI-based one-way

quantum devices.

It is worthwhile to mention several aspects that may

arise in the real systems. (i) In some TIs, such as Bi2Te3, the

surface states can have a hexagonal warping in the disper-

sion. Then, the Hamiltonian can be written as

H ¼ vðkxry � kyrxÞ þ krzðk3
x � 3kxk2

yÞ.
26 By considering the

hexagonal warping, the transmission spectra will be modi-

fied, but the unidirectional character may be kept. The reason

is that, by applying a magnetic field as depicted in our manu-

script, the scattered angles are different for the forward and

backward propagating carriers when the carriers incident

obliquely (i.e., ky 6¼ 0). Further investigations will be under-

taken. (ii) For the finite-temperature transport in TIs,

electron-phonon scattering is an important scattering mecha-

nism.27 Therefore, the finite temperature is to suppress the

conductivity while the unidirectional character should be still

maintained. (iii) The transport signature of surface states

will be reduced by considering the bulk conductance.

Fortunately, recent experimental advances in materials prep-

aration and thin film device fabrication have made it possible

to see the expected pure 2D surface conduction with little

contamination from the bulk states.28 In our work, we con-

centrated entirely on the 2D surface states and ignored the

complications of the bulk conduction and the bulk carriers

which should not alter the unidirectional character. (iv)

Depositing ferromagnetic insulator strips on the TI surface

may also induce electrostatic effects, such as Rashba-type

spin-orbit coupling (SOC). It is shown that the spin helicities

of the TI surface states and the Rashba-type SOC are oppo-

site.29 Li et al. directly compared the electrical measure-

ments of spin polarization in Bi2Se3 with the potential

coexistence of both Dirac and trivial Rashba surface states

and InAs with only the Rashba states. They show that the

spin voltages measured for the Dirac and Rashba systems are

indeed opposite in sign. However, the dominant contribution

in the TI is from the Dirac surface states.30 Therefore, in our

work, the unidirectional transmission is still possible by con-

sidering the Rashba-type SOC, although it may weaken the

signals.

IV. SUMMARY

By using the transfer-matrix method, the transmission

spectra of Dirac fermions on the surface of a three-

dimensional topological insulator with magnetic modulation

potentials are obtained. It is found that the transmission in

one direction is permitted while it is blocked in its reversal

direction due to the break of time reversal symmetry. Then,

the unidirectional transmission of electrons is obtained on

the surface of TI with magnetic barriers. Furthermore, the

character of unidirectional transmission is demonstrated by

the electronic charge distributions in the system. The strong

dependence of transmission on the direction gives the possi-

bility to construct TI-based one-way quantum devices.
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