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Abstract. – We present in this letter the observation of the optical resonant transmission of
Thue-Morse (TM) dielectric multilayers. For the first time the frequency trifurcation feature
has been experimentally demonstrated. This effect can be analogous to the electronic energy
spectrum of a TM system, which has not yet been directly obtained in experiments. The
resonant transmission originates from the positional correlation of the basic units in the TM
system, and is sensitive to the modulation of optical thickness. The experimental results are
in good agreement with the theoretical analysis.

Recently, the photonic localization in dielectric structures has attracted much attention [1],
which can be considered as a counterpart of electronic behavior in solids. Strong localization
of photons may lead to a photonic band gap (PBG) in the electromagnetic wave spectrum. A
complete PBG in this type of material may have potential applications in photonic information
technology [2]. Up to now, most studies on PBG material are concentrated on periodic struc-
tures. Yet localization is a common effect in aperiodic structures [3–5]. In the last decade, the
notion of aperiodic order has been intensively investigated, which on the one hand stimulated
much interest in one-dimensional systems [6, 7]. On the other hand, it activated the desires
of potential technological applications [8]. To deal with the propagation of electromagnetic
wave in an aperiodic layered structure, Kohmoto et al. proposed the photonic Fibonacci mul-
tilayers in 1987 [3]. Later on, the optical properties of Fibonacci and random multilayers were
compared numerically [4]. However, optical Fibonacci dielectric multilayers were not experi-
mentally achieved until 1994 [9]. Recently, other interesting issues of the optical propagations
have also been investigated in quite a few quasiperiodic structures [10,11].

One of the well-known examples of 1D aperiodic systems is the Thue-Morse (TM) se-
quence [4]. The TM lattice is not quasiperiodic but deterministically aperiodic, which can be
obtained by the inflation rules: A → AB and B → BA. It has been reported theoretically
that the TM lattice has a singular continuous Fourier spectrum [12] and a Cantor-like phonon
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property [13]. Some other important properties, such as electronic spectra, optical transmis-
sions and spin excitations in the TM structures, have also been studied theoretically [14–16].
In particular, Liu [15] has numerically investigated the localization property of light in a TM
dielectric multilayer by introducing a localization index. He also theoretically predicted the
effect of modulations of both the refractive index and the phase shift in this system. In this
letter, we present an experimental observation on the resonant transmission of light wave in
TM dielectric multilayers. It is shown that the resonant transmission originates from a special
positional correlation between two kinds of blocks (A and B) in the structure. The optical
trifurcation feature has been experimentally demonstrated for the first time. We also find that
the resonant transmission around the central wavelength is very sensitive to the modulation
of the optical thickness. The experimental results are in good agreement with the theoretical
analysis based on the method of the transfer matrix.

According to the inflation rules: A → AB and B → BA, it is ready to obtain the genera-
tions Sn of the TM sequence as follows:

S0 = [A],
S1 = [AB],
S2 = [ABBA],
S3 = [ABBABAAB],
S4 = [ABBABAABBAABABBA],
. . .

Now we consider the optical propagation through a TM multilayer consisting of two kinds
of dielectric materials A and B, with refraction indices nA and nB and thicknesses dA and
dB , respectively. We use the transfer matrix method, and follow the description of the electric
field in the report of Kohmoto et al. [3]. For normal incidence and polarization parallel to the
multilayers surface, the matrix TAB (or TBA) represents light propagation across the interface
B → A (or A → B):

TAB = T−1
BA =

(
1 0
0 nB/nA

)
. (1)

The propagation through the layer A (or B) can be described by TA (or TB) as

TA(B) =
(
cos δA(B) − sin δA(B)

sin δA(B) cos δA(B)

)
, (2)

where the phase is given by δA = nAdAκ (or δB = nBdBκ). Here the wave vector κ = 2π/λ.
Therefore, the product matrix

Mn =
(

m11(n) m12(n)
m21(n) m22(n)

)
(3)

is related to the incoming wave, the reflected wave and the transmitted wave. The transmission
coefficient of the light through a layered medium can be expressed as

Tn =
4∑2

i,j=1 m2
ij(n) + 2

. (4)

In the case of the Thue-Morse dielectric multilayers, it can be found that the even-order
TM multilayer (ETM) has the characteristic of mirror symmetry. It follows that the diagonal
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elements of Mn should satisfy

m11(n) = m22(n) (for even n, i.e., ETM). (5)

Similarly, for an odd-generation TMmultilayer (OTM), the off-diagonal elements of Mn should
obey

m12(n) = −m21(n) (for odd n, i.e., OTM). (6)

Considering Mn is a unimodular matrix, i.e., det |Mn| = 1, it can be derived that for the
TM dielectric multilayer, the transmission coefficient Tn of eq. (4) is determined only by two
elements, i.e.,

Tn =




4[
m12(n) + m21(n)

]2 + 4
(for even n, i.e., ETM),

[12pt]
4[

m11(n)− m22(n)
]2 + 4

(for odd n, i.e., OTM).
(7)

Obviously, if the conditions
{

m12(n) + m21(n) = 0 (for even n, i.e., ETM),

m11(n)− m22(n) = 0 (for odd n, i.e., OTM)
(8)

are satisfied, a perfect transmission of light will definitely occur in the TM dielectric multi-
layers.

In the experiments, silicon dioxide (SiO2) and titanium dioxide (TiO2) were chosen as
dielectric materials A and B, respectively. Their refractive indices are nA = 1.47 and nB =
2.30 around the wavelength of 700 nm. The multilayers were fabricated on the substrate of K9
glass by the electron-gun evaporation (SHOWA SGC-12SA). The substrate temperature was
300 ◦C. The films were deposited in an oxygen atmosphere with the pressure 2 × 10−4 torr
for TiO2 and 0.8 × 10−4 torr for SiO2. The deposition velocities of SiO2 and TiO2 were
about 0.6 nm/s and 0.1 nm/s, respectively. The thickness of the films was controlled by the
quartz-crystal monitoring with the frequency of 5MHz, and in the meantime assisted by the
optical monitoring. For the sake of simplification, the thicknesses of the two materials were
chosen to satisfy nAdA = nBdB . In this case, the phase shifts through these two thin films
are the same, i.e. δA = δB = δ. The optical thickness of each layer is around a quarter
wavelength, λ0/4 (the central wavelength is λ0 = 700 nm). These conditions imply that the
physical thicknesses of two materials are given by dA = (700 nm)/(4 × nA) = 119.0 nm and
dB = (700 nm)/(4× nB) = 76.1 nm, respectively.

The optical transmission of the TM SiO2/TiO2 multilayer films has been studied. The
transmission spectra were measured by the spectrophotometer (HITACHI U-3410), and the
wavelength was tuned from 400 nm to 2500 nm. Figure 1 illustrates the calculated and the
measured transmission coefficients as a function of wave number for the TM films with the
generations S3, S4, and S5, respectively. It can be seen that with the increasing of the
number of layers, the aperiodicity in the structure becomes more effective, and more and
more transmission zones die out gradually and a 1D photonic band gap will eventually come
out. This feature is very similar to the optical behavior in quasiperiodic structures [4, 9, 10].
Meanwhile, by increasing the number of layers in the TM multilayer, more and more perfect
transmission peaks indeed appear. The observed transmissions are in good agreement with the
numerical calculations. (Comparing with fig. 1(e), the transmission peaks shown in fig. 1(f)
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Fig. 1 – Calculated and measured transmission coefficients vs. wave number for the Thue-Morse
(TM) SiO2/TiO2 multilayer films with different generations. TM S3 with 8 layers: (a) calculated
and (b) measured; TM S4 with 16 layers: (c) calculated and (d) measured; TM S5 with 32 layers:
(e) calculated and (f) measured.

have a slight shift around central wavelength, which mainly comes from the deviation of optical
thicknesses between SiO2 and TiO2. This deviation is below 5%.)

Now we focus on the completely transparent states, i.e. the perfect transmission peaks
around the central wavelength. Figure 2 shows the frequency distribution of the complete
transmission peaks in different generations of the TM structures. The resonant transmission
peaks for each generation can be considered as a band (as shown in fig. 2), thereafter, each
band consists of three subbands. In other words, the frequency of resonant transmissions in
the TM multilayer possesses a trifurcation feature. For example, the central subband of the
6th generation (part O) is the same as the band of 5th generation, while each of the other
subbands (part S) is similar to the band of 4th generation. Due to the self-similarity of the
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Fig. 2 – The frequency distribution of the complete transmission states in the TM SiO2/TiO2 multi-
layer films for different generations Sn, where n is the number of generations of TM structure.
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Fig. 3 – The transmission spectrum of the TM SiO2/TiO2 multilayer films (S5 with 32 layers) around
the central wavelength λ0 = 700 nm. In the case of x = y = 0.25: (a) calculated and (b) measured. In
the case of x = 0.3, y = 0.2: (c) calculated and (d) measured, where x (or y) describes the deviation of
the optical thickness to the central wavelength for the material SiO2 (or TiO2) as defined in the text.

spectrum, we can count the number of the completely transparent states in the TM multilayer
with any n-th generation. Defining mn as the number of the mode of the resonant transmission
(or the number of the completely transparent states) around the central wavelength, we have

mn+2 = mn + mn+1 + mn (n ≥ 3), (9)

with the initial conditions m3 = 1 and m4 = 3. Finally, we get

mn = 2mn−1 ± 1 =
2n−1 ± 1

3
, where

{
+ for even n, i.e., ETM,

− for odd n, i.e., OTM.
(10)

According to eq. (10), the mode number of resonant transmission is indeed related to the
inner feature of the TM structure. Actually, the resonant transmissions should originate from
a special positional correlation between two kinds of blocks (A and B) in the TM structure. As
a matter of fact, trifurcation in the electronic energy spectrum of a TM superlattice has been
theoretically predicted by Qin et al. [14], but it has not yet been experimentally observed.
In some senses, the photonic spectrum can be regarded as an analogue to the electronic
spectrum. So it is worthwhile to measure experimentally the optical trifurcation of resonant
transmissions in TM dielectric multilayers.

In order to demonstrate that resonant transmission of light is related to the positional
correlation in the TM structure, we investigate the effect of the modulation of the optical
thickness on the resonant transmission in a TM multilayer. In the above discussions we
always set nAdA = nBdB , which means that the phase shift in each layer is identical. Now we
consider the scenario nAdA 	= nBdB , meaning that the optical thickness, and hence the phase
shift is aperiodically modulated. To some extent, the optical thickness modulation may be
considered as positional modulation [15]. Define the optical thicknesses of the two materials as

DA = nAdA = xλ0,

DB = nBdB = yλ0, (11)
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Fig. 4 – The calculated optical transmission spectra of TM (S5 with 32 layers) and Fibonacci (S8 with
34 layers) SiO2/TiO2 multilayer (ML) films with different optical thickness modulation, respectively.
In the case of x = y = 0.25: (a) Thue-Morse ML and (b) Fibonacci ML. In the case of x = 0.27,
y = 0.23: (c) Thue-Morse ML and (d) Fibonacci ML. In the case of x = 0.3, y = 0.2: (e) Thue-Morse
ML and (f) Fibonacci ML, where x (or y) describes the deviation of the optical thickness to the
central wavelength for the material SiO2 (or TiO2) as defined in the text.

where λ0 is the central wavelength and x (or y) stands for the deviation of the optical thickness
to the central wavelength for the material A (or B). Then the corresponding phase shifts can
be expressed as δA = 2πDA/λ = x2πλ0/λ, and δB = 2πDB/λ = y2πλ0/λ, respectively. Ob-
viously, if x = y = 0.25, we are back to the quarter-wavelength case with the same phase shift
for each layer. Figure 3 shows the experimental and calculated transmission spectra of the TM
SiO2/TiO2 multilayer films around the previous central wavelength λ0 in two different cases:
(a) x = y = 0.25 (i.e., without optical thickness modulation) and (b) x = 0.3 and y = 0.2 (i.e.,
with optical thickness modulation). It is obvious that when the optical thickness modulation
is introduced, around the central wavelength λ0, the former completely transparent region
(shown in fig. 3(a) and (b)) becomes an almost completely reflected zone (shown in fig. 3(c)
and (d)), while in the region far from the central wavelength λ0 the transmission spectrum
has not been significantly influenced. This situation does not occur to a Fibonacci multilayer.
Figure 4 provides the calculated optical transmission spectra of TM and Fibonacci SiO2/TiO2

multilayer films with different optical thickness modulation, respectively. It can be seen that
in a Fibonacci dielectric multilayer the optical transmission only has a gradual shift for the
same deviation of the optical thickness. We therefore conclude that the resonant transmission
of light in a TM multilayer is sensitive to the optical thickness modulation especially around
the central frequency.

In summary, in this letter the resonant transmission and its frequency trifurcation features
have been investigated in the Thue-Morse (TM) dielectric multilayers. We select SiO2/TiO2 as
the building blocks to demonstrate the optical properties of such a structure. It is found that
the completely transparent states are related to the special positional correlation in the TM
structure, and are sensitive to the optical thickness modulation around the central wavelength.
We suggest that the optical behaviors illustrated in this letter could be helpful to understand
the electronic counterparts in the TM system, and it may also have potential applications in
optical communication.
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