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In this work, we have both theoretically and experimentally investigated the photonic transmission in a
one-dimensional random n-mer �RN� dielectric system. Due to the positional correlation in the RN structure,
the localization-delocalization transitions of photons happen at expected frequencies of photons. Multiple
resonant transmissions are found in the photonic band gap. At each resonant mode, zero-Lyapunov exponent
and undecayed field distribution of electromagnetic waves have been found through the whole system. Fur-
thermore, the channel is opened for photonic transport at the resonant frequency, and the density of states of
photons increases step by step as frequency increases. The theoretical results are experimentally demonstrated
in RN dielectric multilayer films of SiO2/TiO2 for visible and near infrared light.
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I. INTRODUCTION

Back in 1958, Anderson studied the localization of elec-
trons in one-dimensional �1D� disordered systems.1 Later,
the concept of localization was recognized as applicable to
any wave, such as acoustical waves2 and optical wave.3,4 It
has also been pointed out that the localization of waves ap-
pears not only in disordered system, but also in deterministic
aperiodic systems. Obviously, the photonic localization in a
dielectric microstructure can be considered as an analogy to
the electronic localization in crystals.4 Up to now, the pho-
tonic localization has been demonstrated in periodic, quasi-
periodic, and other deterministic aperiodic systems5–9 which
achieve a photonic band gap and present potential applica-
tions in optoelectronics.10,11 On the other hand, a
localization-delocalization transition of electron was pre-
dicted by Dunlap et al. initially in a 1D random-dimer
model.12 It can be extended to random-trimer, random dimer-
trimer, and even random n-mer model.13 Very recently, the
transition has been experimentally demonstrated in random-
dimer GaAs-AlGaAs superlattices.14 Physically, the extended
electronic states in this system are due to the symmetry of its
internal structure. Motivated by the localization-
delocalization transition of electrons, we are interested to
know whether an analog exists in the case of photons in
dielectric microstructures.

In this work, we investigate the localization-
delocalization transition of photons in 1D random n-mer
�RN� dielectric structures both in theory and in experiment.
This paper is organized as follows. In Sec. II, we present a
theoretical analysis based on Maxwell equations. In Sec. III,
optical transmissions and photonic band structures are given
as an example in random-dimer �RD� system. The
localization-delocalization transition is discussed based on
undecayed field distribution at the resonant mode. In Sec. IV,
RD model is generalized to random-trimer, random-tetramer,
and random n-mer systems. Optical transmission and the
density of states of photons are studied in these systems. The
delocalization of photons is discussed based on zero-
Lyapunov exponent at the resonant modes. In Sec. V, we

show the experiment results in RN dielectric multilayer films
of SiO2/TiO2, which are in good agreement with the theo-
retical predictions. Finally, a summary is given in Sec. VI.

II. THEORETICAL MODEL

Consider the optical propagation through a dielectric
multilayer S0= �A1A2¯Ai¯Am−1Am�, where there are m di-
electric layers Ai �i=1,2 , . . . ,m� with their refractive indices
�ni� and thicknesses �di�, respectively. We use the transfer
matrix method and follow the description of the electric field
in the report of Kohmoto and Banavar.6 In the case of normal
incidence and polarization parallel to the multilayer surfaces,
the transmission through the interface Aj←Ai is given by the
transfer matrix

Ti,j = �1 0

0 ni/nj
� . �1�

The light propagation within the layer Ai is described by
matrix Ti,

Ti = �cos �i − sin �i

sin �i cos �i
� , �2�

where the phase shift �i=knidi and k is the vacuum wave
vector. Therefore, the whole multilayer is represented by a
product matrix M relating the incident and reflection waves
to the transmission wave. The total transmission matrix M
has the form

M�N,�i� = �m11 m12

m21 m22
� , �3�

where N is the number of layers in the system. Let us define
the trace of global transfer matrix M as Tr M. The allowed
region of photons in the band structure satisfies

�1

2
Tr M�N,�i�� � 1. �4�

Using the unitary condition det�M�N ,�i��=1, the transmis-
sion coefficient of the multilayer film can be written as
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T�N,�i� =
4

	
i,j=1

2

mij
2 + 2

. �5�
Now we consider the RN dielectric multilayer, where the

dielectric layer A and the dielectric layers B¯B �the number
of B is n� are randomly assigned in the multilayer S�n� as
follows:

�6�

where Xi �Yi� is the number of layer A �B� in the ith cluster
of A �B�. Obviously, Yi=2Zi in the random-dimer model,
Yi=3Zi in the random-trimer model, and, in general, Yi
=nZi in the RN model, respectively. Here Zi is an integer. We
consider the simplest setting; i.e., the phase shift of a wave
through each layer is identical: �i=�A=�B
�. This condition
can be easily satisfied in experiments by tuning the thickness
of each dielectric layer. Therefore, if the electromagnetic
wave goes through the ith cluster of A, the transfer matrix
comes to M as

MA�i� = �TA�Xi = �cos�Xi�� − sin�Xi��
sin�Xi�� cos�Xi��

� . �7�

While if the wave goes through the ith cluster of B sand-
wiched by the layers A in the RN system, the transfer matrix
becomes

MB�n,i� = TB,A�TB�YiTA,B

= � cos�Yi�� − �nA/nB�sin�Yi��
�nB/nA�sin�Yi�� cos�Yi��

� , �8�

where Yi=nZi. Therefore, the whole matrix of the RN dielec-
tric multilayer can be written as

M�n� = MA�1�MB�n,1�MA�2�MB�n,2� ¯ MA�i�

�MB�n,i� ¯ MB�n,m�MA�m� . �9�

According to the matrix theory,15,16 it can be proved that
when the phase shift satisfies

� =
l

n
� �l = 1,2, . . . ,n − 1� , �10�

the matrix MB�n , i� becomes

MB�n,i� = �− 1�ZiI , �11�

where I is a unitary matrix. Therefore, the global transfer
matrix through the RN system becomes

M�N,�� = �MA�	iXi or − �MA�	iXi, �12�

and the transmission coefficient of the multilayer film can be
perfect, i.e., T�N ,��=1. Physically, once the frequency of
photon satisfies Eq. �9�, the photon can propagate through
the whole RN system. Meanwhile, the behavior of a photon
in the RN system is similar to that in a homogeneous film of
the dielectric material A. From this point of view,
localization-delocalization transition of photons, indeed,
takes place at the resonant frequencies of photons given by
Eq. �10�.

III. RANDOM-DIMER CASE

As an example, the RD dielectric multilayer has been
studied. The RD structure can be described by Eq. �6� in the
case of n=2. According to Eqs. �1�–�5�, we can calculate
numerically photonic band structures and transmission coef-
ficients of electromagnetic waves in the RD dielectric multi-
layers. In the calculation, silicon dioxide �SiO2� and titanium
dioxide �TiO2� were chosen as dielectric materials A and B,
respectively. The refractive indices are set as nA=1.46 and
nB=2.3. The layer thicknesses dA and dB are designed to

FIG. 1. �a� The photonic transmission spectrum and �b� the dis-
persion relation in RD multilayer of SiO2/TiO2. �c� The photonic
transmission spectrum and �d� the dispersion relation in a random
multilayer of SiO2/TiO2. The dielectric materials A and B are SiO2

and TiO2, respectively. The layer thicknesses dA and dB in these two
multilayer films are chosen to satisfy nAdA=nBdB
a, and the total
thickness of the multilayer is d. The total number of layers in each
film is N=365.
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satisfy nAdA=nBdB
a. Figures 1�a� and 1�b� show, respec-
tively, the photonic transmission spectrum and the dispersion
relationship in the RD system. Zero transmission coefficient
�shown in Fig. 1�a�� corresponds to the forbidden zone, i.e.,
the photonic band gap �shown in Fig. 1�b��, while the non-
zero transmission coefficient corresponds to the allowed
“band” of photons. It is well known that in a random system,
photons cannot propagate in a wide frequency region �as
shown in Figs. 1�c� and 1�d��. By comparing with Figs. 1�b�
and 1�d�, it is obvious that a different photonic band appears
in the dispersion relationship in the RD case. Actually, in an
infinite RD case, this band will be reduced to a single mode
satisfying Eq. �10� in the case of n=2, i.e., �RD=�c /2a.
�Here c is the light velocity in vacuum.� This feature indi-
cates that the localization-delocalization transition of pho-
tons takes place at the specific frequency in a RD system and
the resonant mode obeys Eq. �10� �here n=2�.

In order to demonstrate localization-delocalization transi-
tion of photons in a RD multilayer, the spatial distribution of
an electric field has been calculated. Figure 2 shows the elec-
tric field distributions in the RD multilayer of SiO2/TiO2 at

some frequency regions. It turns out that when photon pos-
sesses the resonant frequency �RD=�c /2a, the electric field
amplitude is extendedly distributed in the RD multilayer and
the electromagnetic wave propagates through the whole RD
system without decay �as shown in Figs. 2�a� and 2�b��. Fig-
ure 2 also provides critical amplitude distributions �as shown
in Figs. 2�c� and 2�d�� and localized amplitude distributions
�as shown in Figs. 2�e� and 2�f�� when the frequency of the
photon deviates from the resonant mode. In those cases, the
electromagnetic wave cannot propagate in the whole system
�as indicated in Figs. 2�c�–2�f��. Therefore, at the resonant
frequency, the localization-delocalization transition of pho-
tons occurs, indeed, in the RD system.

IV. RANDOM n-mer CASE

The results of the RD structure can be generalized to the
random RN model described by Eq. �6�. Figure 3 presents
photonic transmission and the density of states of photons in
several RN SiO2/TiO2 multilayers. According to Eqs.
�10�–�12�, delocalization of photons will happen at resonant
frequencies satisfying Eq. �10�, i.e., �R= �l /n���c /a�, where
l=1,2 , . . . ,n−1. Therefore, n−1 resonant peaks appear in
the transmission spectrum of the RN dielectric structure �as
shown in Figs. 3�a�–3�e��. For instance, there are one trans-
mission peak in the spectra of a random-dimer structure, two
peaks in a random-trimer chain, three peaks in a random
4-mer chain, and four peaks in a random 5-mer chain, re-
spectively. Adjacent to the resonant frequency, a new channel
is opened for photonic transmission. Therefore, the density
of states of photons has an enhancement around each reso-
nant frequency �as shown in Figs. 3�f�–3�j��. Hence the den-
sity of states of photons is enhanced around each correspond-
ing resonant frequency. As a result, the density of states
increases step by step as the frequency increases in the RN
dielectric system.

Delocalization of photons in the RN system can also be
characterized by a zero-Lyapunov exponent at the resonant
mode. It is known that one important parameter to character-
ize the physical nature of random matrices is the Lyapunov
coefficient.17 In a 1D dielectric system, the Lyapunov coef-
ficient can be expressed as

� =
1

N
ln�m11

2 + m12
2 + m21

2 + m22
2 � , �13�

where mij �i , j=1,2� is the element of the global matrix
M�N ,�i�. According to the Furstenberg theorem,18 the
Lyapunov coefficient exists and converges to its mean value
for a sufficiently large system. In fact, in a dielectric system,
the Lyapunov coefficient is inverse to the localization length
of photons. Once the length of the sample is sufficiently
long, the zero-Lyapunov coefficient corresponds to delocal-
ized states with infinite localized length. Therefore, based on
the Lyapunov coefficient, we can obtain the overall behavior
of the photons; i.e., we can know whether they are localized
or delocalized at specific frequencies in the system. Figure 4
shows Lyapunov coefficients as a function of photonic fre-
quency in several RN structures. It can be seen that around

FIG. 2. The electric field distributions along the layer growth in
the RD multilayer of SiO2/TiO2. �a� and �b�, the extended distribu-
tions around the resonant frequency �RD=�c /2a, i.e., �RD

=700 nm; �c� and �d�, the amplitude distributions between the ex-
tended and localized states away from the resonant mode �RD; and
�e� and �f�, the localized distributions away from the resonant mode
�RD. Here, the layer thicknesses dA and dB are chosen to satisfy a
=nAdA=nBdB=175 nm. The total number of layers is N=365, and d
is the total thickness of the film.
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resonant frequencies in each structure, the Lyapunov coeffi-
cient approaches zero even though fluctuation exists �as
shown in Figs. 4�a�–4�e��. Actually, fluctuation can be elimi-
nated when the number of layers in the structure increases.
Due to the fact that the zero-Lyapunov coefficient appears at
the resonant frequencies, the localized length of photons is
infinite at these frequencies. At these modes, photons cannot
“feel” defects in the structure and can transport through the
multilayer without decay. Therefore, delocalization of pho-
tons occurs at each resonant mode in the RN system, and the
total number of resonant modes in the system is n−1. Each
delocalization of photons opens a channel for photonic trans-
port; finally, the density of states of photons increases step by
step.

V. EXPERIMENTAL RESULTS

To demonstrate the above theoretical analysis, we have
carried out the experiments on the RN dielectric multilayer
films. Silicon dioxide �SiO2� and titanium dioxide �TiO2�
were chosen as dielectric materials A and B, respectively. By
electron-gun evaporation method, several RN multilayer
films of SiO2/TiO2 were fabricated on the glass substrate.
Before evaporation, the pressure of the chamber was lower
than 2�10−5 Torr. Then, the films were formed in an oxy-
gen atmosphere: the pressure was 0.8�10−4 Torr for SiO2
deposition and 2�10−4 Torr for TiO2 deposition. The thick-
nesses of these two materials were chosen to satisfy nAdA
=nBdB. The central wavelength was set around �0=700 nm.
Therefore, dA= �700 nm� /4nA119.0 nm, and dB

= �700 nm� /4nB76.1 nm. During the deposition, the thick-
ness of the film was controlled by quartz crystal monitoring
at a frequency of 5.0 MHz, and also the quarter-wave optical
thickness was optically monitored. As an example, the struc-
ture of the RD SiO2/TiO2 film was characterized by a field
emission scanning electron microscope �LEO 1530VP�. In

FIG. 4. The Lyapunov coefficient � as a function of the fre-
quency in several RN multilayers. �a� A random-dimer multilayer
with N=365, where �RD= �1/2���c /a�; �b� a random-trimer
multilayer with N=480, where �R= �1/3���c /a�, �2/3���c /a�, re-
spectively; �c� a random-tetramer multilayer with N=595, where
�R= �1/4���c /a�, �1/2���c /a�, �3/4���c /a�, respectively; �d� a
random 5-mer multilayer with N=710, where �R= �1/5���c /a�,
�2/5���c /a�, �3/5���c /a�, �4/5���c /a�, respectively; and �e� a
random 6-mer multilayer with N=825, where �R= �1/6���c /a�,
�1/3���c /a�, �1/2���c /a�, �2/3���c /a�, �5/6���c /a�, respectively.
Other parameters are the same as in Fig. 1.

FIG. 3. The transmission coefficient and the density of states g��� as a function of the frequency in several RN multilayers. �a� and �f�,
a random-dimer multilayer with N=365; �b� and �g�, a random-trimer multilayer with N=480; �c� and �h�, a random-tetramer multilayer with
N=595; �d� and �i�, a random 5-mer multilayer with N=710; and �e� and �j�, a random 6-mer multilayer with N=825. Other parameters are
the same as in Fig. 1.
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order to increase the conductivity, the sample is covered by a
gold film with a thickness of 5 nm or so. Figure 5 shows a
cross-sectional scanning electron microscope �SEM� image
of the RD multilayer of SiO2/TiO2. The layered structure
and the RD sequence are clearly revealed as marked in Fig.
5.

The optical transmission spectra of the multilayer films
have been measured by PerkinElmer Lambda 900 spectro-
photometer in the range of wavelength from
400 to 2000 nm. Figure 6 shows the measured and calcu-
lated transmission spectra of several RN SiO2/TiO2
multilayer films for n=2, 3, 4, and 5. It is demonstrated that
n−1 resonant peaks indeed exist in the RN multilayers of
SiO2/TiO2 �as marked by the arrows in Figs. 6�a�–6�d��. Due
to the fact that the number of dielectric layers is very limited
in each film, each resonant peak becomes wide instead of a
�-functional peak at �R= �l /n���c /a�, where l=1,2 , . . . ,n
−1. In other words, each resonant peak is broaden to a reso-
nant band. Therefore, around the resonant frequency �R, the
localization-delocalization transition of a photon has oc-
curred as predicted in the RN dielectric system.

VI. SUMMARY

To summarize, we have investigated the photonic trans-
mission, the dispersion relation, and the density of states of
1D random n-mer �n=2,3 ,4 , . . . � dielectric systems. The

localization-delocalization transitions of photons have been
demonstrated in this correlated disorder system. Multiple
resonant transmissions are observed, which agrees with the
analytical expectation. At each resonant mode, zero-
Lyapunov exponent and undecayed field distribution have
been found through the whole system. Meanwhile, channels
are opened for photon transport. As a result, the density of
states is enhanced significantly at each resonant mode. The
localization-delocalization transition of photon has been
demonstrated experimentally by the observations on the
SiO2/TiO2 multilayer films in visible and near-infrared re-
gions of light. The photon behavior presented here provides a
possible way to manipulate the photons in the photonic band
gap and may have applications in designing filters and wave-
guide of electromagnetic waves.

ACKNOWLEDGMENTS

This work was supported by grants from the National
Natural Science Foundation of China �Grant Nos. 10625417,
50672035, and 90601001�, the State Key Program for Basic
Research from the Ministry of Science and Technology of
China �Grant Nos. 2004CB619005 and 2006CB921804�, and
partly by the Ministry of Education of China �Grant No.
NCET-05-0440�.

FIG. 5. Cross-sectional SEM image of the RD SiO2/TiO2

multilayer film with N=30. The RD sequence is marked, where
dielectric materials A and B are SiO2 and TiO2, respectively. Note
that the cross section of the sample has not been polished, and in
order to increase the conductivity, the sample is covered by a gold
film with a thickness of 5 nm or so.

FIG. 6. The measured and calculated transmission coefficient T
as a function of the wave number �−1 in the RN multilayer films of
SiO2/TiO2. �a� A random-dimer multilayer with N=30, and �b� a
random-trimer multilayer with N=40, �c� a random-tetramer
multilayer with N=50, and �d� a random 5-mer multilayer with N
=60. Note that in each figure, the solid curve is for the measured
spectrum, while the dashed curve is for the calculated one. Here
absorption of dielectric materials has been included.
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